LOG TERMINAL SINGULARITIES 



ALBERTO CHIECCHIO AND STEFANO URBINATI 



Abstract. In this paper we give a new point of view for optimizing the def- 
initions related to the study of singularities of normal varieties, introduced 
in [dFH09] and further studied in [Urbl2a] and Urbl2b , in relation to the 
Minimal Model Program. We introduce a notion of discrepancy for normal 
varieties, and we define log terminal" 1 " singularities. We use finite generation 
to relate these new singularities with log terminal singularities (in the sense of 
0FHO9]). 
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1. Introduction 

In jdFH09j de Fernex and Hacon define a pullback for Weil divisors, giving two 
possible natural choices. In this paper we motivate, under the point of view of the 
Minimal Model Program, which one seems to be the most reasonable to work with 
and we further study properties of these singularities. 

In |dFH09j , de Fernex and Hacon defined a notion of discrepancies for normal 
varieties. In particular, their approach is via introducing a pullback for Weil divi- 
sors, obtained with a limiting process (cf. Section 2). This new pullback has most 
of the expected properties, however it is not linear, i.e. when a divisor D is not 
Q-Cartier, in most cases 

n-D) ? -t(D). 

This gives rise to two choices for the relative canonical divisor 

K- /x :=K Y -r{K x ) and K+ x := K Y + f*(-K x ), 

where / : Y — > X is any proper birational map of normal varieties. The first one 
is related to the notion of log terminal and log canonical singularity, whereas the 

l 
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second to the notion of canonical and terminal singularity. For this reason some 
pathologies may occur. Fox example, in |Urbl2a| 4.1] the author gives an example 
of a variety with singularities that are canonical but not log terminal. One of the 
main point of this work is to study the properties of singularities with respect to 
these two different relative canonical divisors, and relate them. 

In sections 2 and 3 we review the main definitions of dFH09\ We will prove 
that also Kyj x can be deterermined looking at (antieffective) boundaries, fact that 
a priori had no reason to be (see corollary I3.9[) . 

In section 4 we discuss limiting discrepancies, using the relative canonical divisor 
Ky, x . We will show that these discepancies work as in the usual Q-Gorenstein case. 

In section 5 we will focus on singularities determined by Ky^ x . In particular we 
will define log terminal^ singularities, which will correspond to Ky^ x > — 1 (for 
every resolution / : Y —±X). One of the two main results of this work will be in 
this setting. We will prove the following. 

Theorem 1.1 (Theorems 15.101 and 15 . 1 5|) . If X is a lt + normal variety, then 
3£{X, Kx) is finitely generated over X. Moreover, in this case, X is kit if and 
only if ' 3%{X, —Kx) is finitely generated. 

This result is an extension in the lt + setting of a result proved by the second 
author in the canonical case in Urbl2b, 3.7]. The finite generation of this ring 
is enough to construct a small birational morphism to the original variety that 
resembles the outcame of a flip. From the point of view of the MMP, thus, the 
finite generation of M{X,—Kx) is not essential ( remark I5.12|) . Moreover, as kit 
singularities are lt + , this is a broader class of singularities where finite generation 
of M{X,K X ) is known (remark I5TT2"]) . 

In section 6 will focus on the properties of divisors D on a normal varieties X 
such that M(X, D) is finitely generated. To such a divisor we will associate an ideal 
sheaf 33(13) C Ox- The construction of such ideal is based on the notion of defect 
ideals of |BdFF12] . Using this ideal we will prove the following theorem 

Theorem 1.2 (Corollary I6.5[) . Let X be a normal lt + variety such that 'D(Kx) — 
Ox- Then X has kit singularities. 
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The authors would like to thank A. Kiironya and M. Fulger for interesting con- 
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2. Valuations and divisors 

Unless otherwise stated, all varieties are normal over C and all divisors are M.- 
Weil divisors, that is, R-linear combinations of prime divisors. By log resolution 
of a variety X, we mean a proper birational morphism / : Y — >• X from a smooth 
variety Y, with the exceptional locus being a simple normal crossing exceptional 
divisor. 
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Let X be a normal variety. The basic idea of [dFH09 for pulling back Weil 
divisors is to think of them as sheaves in the function field of X (which is a birational 
invariant). All the definitions in this section are contained in [dFH09] . 

A divisorial valuation on X is a discrete valuation of the function field k{X) of 
X of the form v — qviAp where q £ K>o and F is a prime divisor over X, that is a 
prime divisor on some normal variety birational to X . Let v be a discrete valuation. 
If J is a coherent fractional ideal of X (that is, a finitely generated sub-Ox-module 
of the constant field %x of rational functions on X), we set 

v{J) := min{i/(/) | / e ^(Cf), C/ n c x (*/) ^ 0}. 

If Z is a proper closed subscheme of X, we set 

v{Z) := 

where J^z is the ideal sheaf of Z . These definitions extend by linearity to R-linear 
combinations of fractional ideals or closed subsets. 

Definition 2.1. To a given fractional ideal J? we can associate a divisor, called 
the divisorial part of , as 

div(j^) := val E (jr)E, 

EcX 

where the sum runs over all the prime divisors on X . 

We notice that div(j^) can be characterized as the divisor on X such that 

O x (-div(^)) = ^ vv . 

Definition 2.2. Let is be a divisorial valuation on X . The [^-valuation or natural 
valuation along v of a divisor F on X is 

v\F) :=v(Q x (-F)). 

We remark that we could have chosen to evaluate the sheaf of Ox (F) instead, but 
the above definition is more natural in the philosophy of evaluating ideal sheaves 
for subschemes. Unfortunately, the natural valuation may fail to be additive even 
in the Q-Cartier case (see }dFH09| 2.3]). As de Fernex and Hacon show ( |dFH09| 
2.8]), for every divisor D on X and every m £ Z>o, mi^(D) > v^{mD) and 

inf -A — - = liminf — \ — '- = lim V ; - m 



fc>i k fc->oc k fe^oo kl 

Definition 2.3. Let D be a divisor on X and v a divisorial valuation. The valu- 
ation along v of D is defined to be the above limit 

v{D) := lim 

k— s-oo fc! 

We can use these valuations to pullback divisors. 

Definition 2.4. Let f : Y — > X be a proper birational morphism from a normal 
variety Y. For any divisor D on X, the ^-pullback of D along f is 

(2.1) /ID := div(O x (-D) • Oy). 

As above, it can be characterized as the divisor on Y such that 

(2.2) Oy(-/lD) = (0 X (-£>)• Gy) vv . 
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Definition 2.5. We define the pullback of D along f as 



f*D := ™\ E {D)E, 



EcY 



where the sum runs over all prime divisors on Y . 

By definition, we have f*D = liminffc p(kD)/k coefficient-wise. 
We notice that the evaluation along v and the pullback defined above agrees 
with the corresponding notions in the case that the divisor D is Q-Cartier. 

Proposition 2.6. [dF H091 2.4 and 2.10] Let v be a divisorial valuation on X and 
let f : Y — > X be a birational morphism from a normal variety Y . Let D be any 
divisor let C be any ]8L-Cartier divisor, with t S R>o such that tC is Cartier. 

(a) The definitions of v{C) and f*(C) given above coincide with the usual ones. 
More precisely, 



(2.3) f\D + tC) = f\D) + f*(tC) and f*(D + C) = f*(D) + f(C). 



We observe that when working with natural the valuation and the natural pull- 
back, the above properties are no longer true for R-Cartier divisors which are not 
Cartier, see dFH09 ( 2.3]. For example it may happen that 2C is Cartier, but 
v\2C) ^ 2v\C). 

Lemma 2.7. |dFH091 2.7] Let f : Y -s- X and g : V -> Y be two birational 
morphisms of normal varieties, and let D be a divisor on X. The divisor (/ o 
g)^(D) — Pip) is effective and g- exceptional. Moreover, if Qx(—D) ■ Oy is an 
invertible sheaf, (/ o gf{D) = g^f\D). 

Corollary 2.8. |dFH091 2.13] Let f : Y X and g : V -)■ Y be two birational 
morphisms of normal varieties, and let D be a divisor on X. The divisor (/ o 
g)*(D) — g* f*(D) is effective and g -exceptional. Moreover, if 0x(~ mD) ■ Oy is an 
invertible sheaf for all sufficiently divisible m, (/ o g)*(D) = g*f*(D). 

Proof. The result comes from the fact that 



y{C) 



~v{tC) and r(C) = - t r(tC). 



Moreover, 



u(tC) = v\tC) and f\tC) = f*(tC). 
(b) The pullback is almost linear, in the sense that 



f*(D) = HmM—f\mD) 



rn 



coefficient- wise. 



□ 



3. Relative canonical divisors and boundaries 



If / : Y — > X is a proper birational morphism (of normal varieties) and if we 
choose a canonical divisor Kx on X, we will always assume that the canonical 
divisor Ky on Y be chosen such that f*Ky = Kx (as Weil divisors). 
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As i n JdFH09j . we introduce the following definitions (with a slightly different 
notation^)) 



Definition 3.1. Let f : Y — >• X be a proper birational map of normal varieties. 
The m-limiting relative canonical Q-divisors are 

K-, Y/X ■= Ky ±f\mK x ), K- /x := K Y - f*(K x ) 

K.y/x ■= K y + ^f\-mK x ), K+ /x := K Y + f{-K x ). 

As shown by |dFH09j . for all m, q > I, 

(3.4) K~ vlv < K~ vlv < K~ lv < K+ Iv < K + vlv < K + vlv 

V / m.Y/X — qm,Y/X — Y/X — Y/X — mq.Y/X — m.Y/X 

and 

(3.5) K Y/X = lim sup K mY/x , K+ /x = lim inf K+ Y/x 

(coefficient- wise) . A priori, we could use these two notions to define the various 
flavors of singularities, and there is no reason to suspect that one behaves better 
than the other. The idea is to study these singularities in the context of the MMP. 

Remark 3.2. If A" is a normal vairety, by boundary on X we will mean a Q-divisor 
A on X such that K x + A is Q-Cartier. We do not make any assumption on the 
effectiveness of A. 

Definition 3.3. Let A be a boundary on X and let f : Y — > X be a proper birational 
morphism. The log relative canonical Q-divisor of (Y,f~ 1 A) over {X, A) is given 
by 

KP /X := K Y + f-'A - f*(K x + A) = K Y + f^A + f*(-K x - A) 
where f* 1 A is the strict transform of A onY. 

Remark 3.4. With the same computation as dFH09, 3.9], wc find that, if A is a 
boundary for X and m > 1 is such that m(K x + A) is Cartier, 

K-, Y /x = K$/x - ^/H-mA) - f-'A, K~ /x = K$ /x f*(-A) f^A, 
Kn.Y/x = K£/x + if\rnA) f^A, K y/X = K^ x + f*(A) - /~ X A. 

Notice that, if m is such that m(K x + A) is Cartier and A is effective, we have 
Ky/ X < K m Y/x < K Y/X < Ky~/ X < K+ n Y/x . 

On the other hand, if A is anti- effective and m(K x + A) is Cartier, 

Ky/X ^ K m,Y/X- 

A priori, there is no clear relation between K Y ^ X and K Y , X . 

Lemma 3.5. Let X be a normal variety, and let f : Y — > X be a proper birational 
morphism of normal varieties. Let A be an effective divisor such that K x — A is 
Q-Cartier. Then 

iv y/x — ly Y/x- 



^De Fernex and Hacon denote by K m Y /x what we denote by K Y /x ant ^ ^Y/x what 



we denote by K Y / X ■ Our notation is simply meant to help us keep track of the different relative 
canonical divisors 



6 



ALBERTO CHIECCHIO AND STEFANO URBINATI 



Proof. We have to compare 

K+ /x =K Y + f*(-K x ) 



and 

We have 



K~f x = K Y + f-\-A) - f*(K x - A). 



K+ /x = K Y + f*{-K x ) =K Y + f*(-K x + A - A) 



^Y/X 

= K Y + f*(-K x + A) + /*(-A) = 

= K Y -f*(K x -A) + f*(-A). 
In order to obtain the desired inequality, we need to show that 

/*(-A) <f-\-A). 
We claim that, if — D is anti-effective Q-divisor such that mD is integral, 

m 

The first inequality is by definition of pullback. To prove the second inequality, 
we can assume directly that D is an integral divisor, and show that p(—D) < 
f~ 1 {~D). Notice that, if D is a Weil divisor on a normal variety, D > if and 
only if X (-D) C X . By duality, -D < if and only if X (D) D X . Then, 
since — D < 0, 

Oy C O x (D) ■ Y C (O x (D) ■ O y ) vv - O x (-f\-D)). 

Therefore, /'(— D) = f* 1 {—D) + F < 0, where F is the exceptional component of 
f\~D). Therefore, it must be F < 0, and thus f\-D) < f- 1 (-D). □ 

One of the main technical results that enable us to study singularities in this 
setting is due to |dFH09j . We will reproduce the proof for the convenience of the 
reader. 

Lemma 3.6. Let X be a normal variety, and let f :Y — > X be a proper birational 
map, with Y normal. Let D be a Weil divisor on X. For each m > 2 there exists 
a divisor A m such that 

(a) A m > 0; 

(b) D + A rn is Q-Cartier; 

(c) [A m J = and mA m is integral; and 

(d) £J£21 =f*(D + A m )-/- 1 A m . 

Moreover, if f is a sufficiently high resolution of X , A m can be chosen such that 
exc(/) U f~ 1 A m has simple normal crossing support. We will call such divisor an 
m-compatible D-boundary with respect to /. 

Remark 3.7. We recall that, by log resolution of X we mean a resolution with 
exceptional locus exc(/) a simple normal crossing divisor. If D = K Xl we will 
simply talk of compatible m-boundary. 

This definition is slightly different from the one in |dFH091 5.1]. Indeed, if A m 
is an m-compatible boundary, we are not asking that the map / be a resolution 
for the pair (X,A m ). For that reason, the log discrepancy of the pair (X, A m ) 
with respect to / is not necessarily the log discrepancy of the pair (X, A m ). In 
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particular, it may be that the pair (X, A m ) has worse singularities that what is 
suggested by the map / alone. 

Proof. The proof will follow [dFH09, 5.4]. Let T be an effective divisor such that 
D — T is Cartier. Let Jz? be an line bundle such that ££ ® Ox(^fnT) is generated 
by global sections, and let G be a general element in the linear system {H £ 
\&\,H-mT> 0}. Let M = G-mT and 

M 

A m = — . 

m 

We notice right away that A m > and [A m \ = 0. Moreover, m(D + A m ) = mD + 
M = mD — mT + G = m(D — T) + G is Cartier. Let E be an irreducible exceptional 
divisor of /. Since G is general enough, ord^G = ord£(mT). Thus, ords(— M) = 
ord E (-G+mT) = -ord E (G)+ord E (mT) = 0, and therefore f\-M) = f-\-M). 
Then, 

f\mD) = f\m(D + A m ) - mA m ) = m/*(D + A TO ) + f\-mA m ) = 
= mf*(D + A m ) + /"(-Af) = m/* (£> + A m ) - f~ 1 {M) = 
= m/*(£) + A m )-m/- 1 (A m ). 

If / is a resolution of Oxi—mD) + Ox(-fnT), then A m can be chosen general 
enough so that exc(/) U /~ A m has simple normal crossing support. □ 



Remark 3.8. We immediately have that K y ^ x = supKy / X, where A run among 
the compatible i^x-boundaries. 

Lemma 13.51 gives the following (non- immediate) fact. 

Corollary 3.9. If f : Y — > X is a proper birational morphism of normal varieties, 

K Y/X = inf K Y/X> 

where A run among the compatible (— K x) -boundaries. 



4. Discrepancies and singularities 

Definition 4.1. Let Y — > X be a proper birational morphism with Y normal, and 
let F be a prime divisor on Y . For each integer m > 1, the m- limiting discrepancy 
of F with respect to X is 

a m (F,X) := ord F (K m Y/x ). 
The discrepancy of F with respect to X is 

a(F,X) := ord P {Ky /x ). 
We recall that, from |KM 98 , if A is a boundary for Kx, we have 

a(F,X,A) :=0Td F (K$ /x ). 
Lemma and (|3.5p can be rephrased as follows (see also |Urbl2a[ 2.12]). 
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Corollary 4.2. Let f : Y —> X be a proper birational morphism between normal 
varieties, and let F be a divisor on Y . For any to > 2 there is an to- compatible 
boundary such that 

a m {F,X) = a(F,X,A m ). 

In particular 

(4.6) a{F,X)=snp{a m (F,X)} = 

= sup{a(F, X, A) | (X, A) is a log pair, A > 0} 

Finally, we can introduce the definitions of singularities. We can use limiting 
discrepancies to define singularities. 

Definition 4.3. The variety X is said to satsfy condition M>_i (resp. M>_i, 
resp. M>o, resp. M > o y ) if there is an integer mo such that a m (F, X) > — 1 (resp. 
> — 1, resp. > 0, resp. > 0) for every prime divisor F over X and to = mo (and 
hence for any positive multiple m of mo). 

We recall that conditions M>_i and M>_i are used by [dFH09j to define singu- 
larites. 

Definition 4.4 f |dFH09j . 7.1). The variety X is called log canonical (resp. log 
terminal,) if it satisfies condition M>_i (resp., M>_iJ. 

Some results that justify the introduction of these conditions are the following. 

Theorem 4.5. A variety X satisfies condition M>_i (resp. M>_i, resp. M>o, 
resp. M>o ) if and only if there is an effective boundary A such that {X, A) is log 
canonical (resp. Kawamata log terminal, resp. canonical, resp. terminal). 

Proof. For the M>_i and M>_i cases, this is dFH09 ( 7.2]. The same proof given 
there proves the other cases. We repeat the proof for the convenience of the reader. 

Let us first assume that there exists a boundary A on X giving the singularity 
type. Let m be an integer, such that m(Kx + A) is Cartier. By remark 13.41 for 
any proper birational morphism / : Y — > X , with Y normal, and any divisor F on 
Y, Kyf X < K m y/x- Hence X will have singularities no worse than those given by 
the pair. 

Conversely, let X satisfy condition M>_i (resp. M>_i, resp. M> , resp. M >0 ) 
and let too be chosen as in definition 14.31 Let A mo be an TOo-compatible boundary 
for a log resolution / : Y mo — >• X of ((X, A mo ), Ox{— moiCj)) (see lemma [BTo]) . For 
each exceptional divisor F on Y mQ1 a mo (F,X) = a{F,X, A mo ), which proves that 
(X, A mo ) is log canonical (resp. log terminal, resp. canonical, resp. terminal). □ 

Lemma 4.6. Let X be a normal Q-Gorenstein variety. Then X satisfies condition 
M>_i (resp. M>_i, resp. M>o, resp. M>oJ if and only if X is log canonical (resp. 
Kawamata log terminal, resp. canonical, resp. terminal). 

Lemma 4.7. Let X be a normal variety. If it satisfies M>o, then it satisfies M>o- 
// it satisfies M>o, then it satisfies M>_i. // it satisfies M>_i ; then it satisfies 
M>_l 

Essentially, we have the chain of implications 

M >0 M> M>_i M>_i. 

We conclude this section by showing that the notion of discrepancy can work for 
the non-Q-Gorenstein case exactly as it works in the Q-Gorenstein case. 
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Definition 4.8. Let X be a normal variety. The discrepancy of X is given by 
discrep(X) = mi{a{E,X), E is an exceptional divisor over X} 

E 

(where E runs through all the irreducible exceptional divisors of all (proper) bira- 
tional morphisms Y — > X). 

The standard theory of discrepancies can be extended to this setting, as done 
by }dFH09j . One result that is different in this case is the following (see |KM98| 
2.30]). 

Lemma 4.9. Let X be a normal variety, f : Y — > X be a resolution of singularities 
and let Ay be the Q-divisor on Y such that 

K Y + A Y =f*(K x ), /*Ay = 0. 

For any prime divisor F over X , 

a(F,X)<a(F,Y,A Y ), 

with equality if 

(a) F is a divisor on Y , 

(b) Kx is Q-Cartier, or 

(c) Ox{— tn{Kx)) • Oy is invertible for all sufficiently divisible m. 

The above lemma can be formulated more generally in the sense of dFH09 , for 
pairs (X, Z) and assuming that / : Y — > X is just a proper birational morphism of 
normal varieties. However, this is beyond the purpose of this paper. 

Proof. The proof proceeds as in the log Q-Gorenstein case. Let g : V — > Y be a 
resolution with F a divisor on V, and let h = f o g. We have the diagram 

V 




X. 



By corollary EH 

(/ o g)*(K x ) = g*f*{K x ) + B = g*(K Y + Ay) + B, 

where B is effective and ^-exceptional. Therefore, if A' is the discrepancy of h with 
respect to X and A is the discrepancy of g with respect to (Y, Ay), then 

A' = K v - (/ o g)*{K x ) - K v - g*(K Y + Ay) — B = A — B, 

that is A = A' + B, with B effective and ^-exceptional. Since the same computation 
holds for any resolution g : V — > Y , this proves the inequality in general. Since B is 
^-exceptional, (a) is immediate. Case (b) is a particular case of (c), and (c) follows 
again from corollary |2.8l (Kv + Ay is Q-Cartier, since Y is smooth). □ 

Remark 4.10. In the Q-Gorenstein case, we have the following ([KM98, 2.30]). If 
Ax is a boundary on X, f : Y — > X is a proper birational morphism of normal 
varieties, and Ay is a divisor on Y such that K Y + Ay = f*(Kx + Ax) and 
/*Ay = Ax, then discrep(X, Ax) = totaldiscrep(Y, Ay), and this is the standard 
way of computing discrepancies. In our case, if (Y, Ay) — > X are as in lemma [4~9l 
we only have 

discrep(X) < totaldiscrep(T, Ay). 
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As in the Q-Gorenstein case, we have the following result (see [KM98| 2.31(a)]). 

Corollary 4.11. Let X be a normal variety. Then discrep(X) = — oo or —1 < 
discrcp(AT) < 1. 

Proof. Blowing up a point of codimension 2 contained in the smooth locus we have 
discrep(AT) < 1. If discrep(X) < —1, let £ be on a resolution / : Y — > X and 
such that a(E,X) < — 1. Let Ay be as in lemma 1431 Then E appears in Ay with 
coefficient —a(E,X), and discrep(X) < totaldiscrep(y, Ay) = — oo. □ 

This implies that the case discrep(X) = — 1 is the broadest class where it makes 
sense to define discrepancies. We have the following immediate consequences. 

Lemma 4.12. Let X be a normal Q-Gorenstein variety. Then discrep(AT) > —1 
(resp. > —1, resp. > 0, resp. > 0) if and only if X is log canonical (resp. 
Kawamata log terminal, resp. canonical, resp. terminal). 

Remark 4.13. Since K mY/ , x < Ky, x , see remark l3~4l if X is a normal variety 
satisfying M>_i (log canonical), then discrep(AT) > — 1. Similarly if X satisfies 
M>_i (log terminal), then discrep(AT) > — 1; if it satisfies M>o, then discrep(A) > 
0; if it satisfies M>o, then discrep(AT) > 0. 

5. Lt+ singularities 

5.1. Definition, and a criterion. In the previous section, we used the relative 
canocial divisors Y /x an< ^ ^y/x ^° define singularities. Another possibility is 
to use Ky, x . Following |dFH09( 8.1], but with a different notation we introduce 
the following. 

Definition 5.1. Let Y — > X be a proper birational morphism with Y normal, and 
let F be a prime divisor on Y. The discrepancy" 1 " of F with respect to X is 

a+(F,X) :=ord F (K+ /x ). 

We recall that in [dFH 09] . a normal variety X is defined canonical (resp. ter- 
minal), if a + (F, X) > (resp. a + (F, X) > 0) for all prime divisors F, exceptional 
over X. 

Definition 5.2. Let X be a normal variety, we say that X has log terminal + , or 
simply, lt + , singularities if a + (F,X) > — 1 for all prime divisors F, exceptional 
over X . 

Lemma 5.3. Let X be a normal variety. If X has (Kawamata) log terminal 
singularities, then it is lt + . The converse is true if X is Q-Gorenstein. 

For a generic normal varity X, asking that a + (F, X) > —1 for all F, or asking 
that inf {a + (F, X)} > —1 is the same, as the next lemma shows. 

Lemma 5.4. Let X be a normal variety, and let f : Y — > X be a log resolution, i.e. 
the exceptional locus of f is a simple normal crossing divisor. Ifa + {E,X) > — 1+e 
for all prime exceptional divisors E on Y, for some e > 0, then a + (F, X) > — 1 + e 
for all prime divisors F exceptional over X. In particular, then, X is lt + . 

Remark 5.5. Notice that the hypothesis of this lemma is satisfied if a + (E,X) > 
— I for all prime exceptional divisors E on Y, since there are only finitely many 
such divisors. 
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Proof. Let h : Z — s> X be any other resolution, that we can assume is a log resolution 
factoring through /, and let g : Z — » Y so that h = f o g. Let F Y be the reduced 
exceptional divisor of /, and Fz be the one of h. By dFH09, 2.13], 

h*{-K x ) - g*f*{-K x ) = E+>a > 0, 
which is effective and ^-exceptional. Then 

K z/x + C 1 - £ ) F z = K Z + h*{-K x ) + (1 - e)F z = 

= K z + g*f*(-K x ) + (1 - e)F z + E+'9 = 
= K Z - g*(K Y + (1 - e)F Y ) + (1 - e)F z + 
+g*(K Y + f*(-K x ) + (1 - e)iV) + 

+E +,9 = 

= K Z - 9*(K Y + (1 - e)F Y ) + (1 - + 
+g*(K+ /x + (l-e)F Y ) + 
+E+' 9 

We only need to check this expression on the prime divisors on Z which are excep- 
tional over Y. Then, Kz — g*(K Y + (1 — s)F Y ) + (1 — e)Fz has positive valuations, 
since (Y, (1 — e)F Y ) has log terminal singularites; the term K^ x + (1 — e)F Y is 
effective by assumption, and thus so is its pullback; E + ' 9 is effective, as noticed 
above. □ 

In the same spirit as |dFH09| 8.2], we have the following result. 

Proposition 5.6. Let X be a normal variety. Then X is lt + if and only if there 
exists e £ Q, e > 0, such that, for all sufficiently divisible m > 1, and for all 
resolutions of X , 

O x (mK x ) ■ Y C Y (m{K Y + (1 - e)F Y )), 
where F Y is the reduced exceptional divisor of f . 

Proof. Let X be lt + . By lemma [531 there exists e such that a + (E, X) > — 1 + e for 
all prime divisors E, exceptional over X (choose an arbitrary log resolution, and 
choose the value of e that works for that resolution: it will work for all). We can 
choose e £ Q. If / and m are chosen as in the statement, with m divisible enough 
so that me G N, 

m(K Y + (1 - e)F Y ) + f\-mK x ) > m(K Y + (1 - e)F Y ) + f*{-mK x ) = 

= m(K Y + (1 - e)F Y + f*(-K x )) > 
>0. 

Thus, 

O x (mK x ) ■ Y C (O x (mK x ) ■ Oy) vv = 

= Y {-f\-mK x )) C Y (m(K Y + (1 - e)F Y )). 

Conversely, suppose that X is not lt + . Let £ by a prime divisor, exceptional 
over X, such that a + (E,X) < —1. Let / : Y — >• X be a resolution, with E as 
one of the components of the exceptional divisor. Since a + (E,X) < —1, for all 
e e Q, e > 0, there exists to such that val^ify + ■^f ii (-mK x )) < -1 + e. The 
same will be true for all m' > m, so we can assume that me G N. By further 
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blowing up, we can assume that / is a resolution of O x (mK x ), since the value of 
vb\e{Ky + ■hf (~TnKx)) does not actually depend on the smooth model where 
we compute it. But then, 

Ox(mK x ) ■ Y = (O x (mK x ) • 0y) vv g Y (m(K Y + (1 - e)F Y )). 

□ 

Remark 5.7. The necessary condition is still true if we substitute e with any other 
< e' < e, or if Y — > X is just a proper birational map between normal varieties. 
Moreover, the divisibility condition on m is only to ensure that me G Z. 

5.2. The canonical ring. Let us first recall some standard definitions from the 
Minimal Model Program (for references, [KM98] . |Kol08j . [BCHM10] . and |HK10j ). 

Definition 5.8. Let X be a normal projective variety and let D be a Q-divisor on 
X. We define 

R(X,D) := ^H°(O x ([mD\)) 

m>l 

and 

M{X,D) := O x ([mD\). 

m> 1 

If f : X — > U is a projective morpishm of quasi-projective normal varieties we 
define the relative version 

M(f,D) := 0/*O x (Lm£>J). 

m>l 

Remark 5.9. All the above have a natural ring structure. Moreover, 3%{X,D) is 
an Ox-algebra, while &(f, D) is an ©[/-algebra. 

With the above criterion, proposition 15.61 we can prove the following result 
(which was originally proven in the canonical case by the second author in |Urbl2bl 
3.6]). 

Theorem 5.10. If X is a lt + normal variety, then&{X,Kx) is finitely generated. 

Proof. We may assume that X is affine. Let p : X — > X be a resolution (which 
we can assume projective, [KM981 0.2]). By |BCHM10] M(jp,K x ) is finitely gener- 
ated. Running the relative Minimal Model Program for X over X, we obtain the 
model X c — Pxoj x t%!(p, K x ), with induced morphism / : X c — > X. Let F X " be 
the reduced exceptional divisor of /. The variety X c has Kawamata log terminal 
singularities. 

Since X is lt + , there is a rational e > such that, for any m > sufficiently 
divisible, there is an inclusion 

Ojf= • Ox{mK x ) C O x =(m(if X c + (l-e)F X c)). 

To be precise, if d is a positive integer such that de € Z, then for any m > 1, 

Ox- • Ox{dmK x ) C O x ^dm{K x ^ + (1 - e)F X c)) 

(see proposition 15.61 and remark [5 .7[) . Pushing this forward we obtain inclusions 

/*(0*c ■ Ox(dmK x )) C f*0 X c(dm(K X c + (1 - e)F x .)) C Ox(rf m K x ). 
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Since the left and right hand sides have isomorphic global sections, then 

H°(f*Q X c(m{dKxo + d{l-e)F X c))) = H (O x (mdK x )). 

Since X is affine, Ox{mKx) is globally generated and hence 

f*0 X c(m(dK X c + d{\ - e)F x -)) = Ox(mK x ). 

But then M{X,dKx) = M{f,dK x - + d(l - e)F x °) is finitel y generated over Ox, 
since X c has Kawamata log terminal singularities ( [Kol08| 92]). Finally, since 
M(X,dK x ) = @{X,K x ) {d) is finitely generated, then @(X,K X ) is finitely gener- 
ated over X QHKlOl 5.68]). □ 

Remark 5.11. Note that we have seen that 

&(X,dK x ) ^ ^{f,dK X o + d{l - £)F X o) = M{p,dK~). 

Hence 

X c = Proj x ^(p,i^) - Proj x ^(p,^)( d ) = Vroi x &[p,dK~) = 
£ Pio\ x M{X, dK x ) = Proj x ^(X, K x ) [d) = Vxo\ x M{X, K x ), 

and with this chain of isomorphisms Ox c (l) is preserved ([Har77, Ex II.5.13]), and 
so X c — > X is a small mophism. A posteriori then, we don't have an exceptional 
divisor for /, and we have inclusions 

0x= • Ox{mK x ) C Ox=(mi^x=) 

for all to > 1. Moreover, we have isomorphisms 

9t{X, K x ) = Kx*) = ®{p, K x ). 

Remark 5.12. Notice that if (X, A) is a kit pair, then X has lt + singularities 
flemma I5.3[) . while there are examples of singularities which are lt + , but cannot 
be kit ( jUrb!2al 4.1]). Thus, lt + is a class broader than kit for which we have 
finite generation of the algebra ^(X, K x ). Of course, our results relies heavily on 
[BCHM10] . 

Corollary 5.13. If X is lt + , then the relative canonical model X can = Vro] x 3$(X, K x ) 
exists and has log terminal singularities. 

Proof. From the proof of theorem 15.101 and remark 15.111 we have the existence of 
the relative canonical model X can = Pio] x M(X, K x ) — X c , with log terminal 
singularities. □ 

Remark 5.14. Notice that, using the methods of |Urbl2al Proposition 4.4], lemma 
15.41 and remark [S~5l we can show directly that Proj^^pf, K x ) has log terminal 
singularities (assuming the finite generation of M{X,Kx))' We reproduce the ar- 
gument here, since is similar to the one we will use to prove theorem 15 .151 

Since X is lt + , for any sufficiently high log resolution / : Y — > X, we have 
K Y - ±f\-mKX) > -1. By [KM981 lemma 6.2], there exists a small birational 
morphism it : X + — > X such that K x + is a 7r-ample Q-Cartier divisor. Also, for 
this morphism we have that 7P (—mKx) = —mK x +. Let us consider a common 
log resolution of X and X + , f :Y — > X and g :Y -> X + . 
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Let us consider the map X + ■ Gx(mKx) — > O x +{mK x +). Since tt~ 1 (Kx) = 
Kx+ is 7r-amplc, x+{mKx+) is globally generated over X for m sufficiently di- 
visible, hence we have an isomorphism of sheaves. Thus 

K Y -g*(K x+ ) = K Y + -g*(-mK x+ ) = K Y + -f\-mK x ) > -1, 

m m 



where the last equality holds by [dFH09, Lemma 2.7]. By lemma I5T4I and remark 
15.51 the canonical model X + has lt + singularities, that is, log terminal singularities 
since it is Q-Gorenstein. 

5.3. Finite generation and singularities. Here we prove a result, which is again 
a generalization of a result of the second author, in |Urbl2bl 3.7]. 

Theorem 5.15. Let X be a normal variety with lt + singularities. Then, M{X, —Kx) 
is a finitely generated Ox-Algebra if and only if X is log terminal. 

Proof. If X is log terminal, then 3$(X, —Kx) is finitely generated by |Kol081 The- 
orem 92]. 

Let M(X, — Kx ) be finitely generated. By [KM98, Lemma 6.2] there is a small 
map 7r : X~ — > X such that ir*(—Kx) is Q-Cartier and 7r-ample. For any m suf- 
ficiently divisible, consider the natural map Ox- ■ 0x(— mKx ) — > Ox-(-mJfx-), 
which, since the map is small, is an isomorphism of sheaves. Thus, considering 
/ : Y — > X and g : Y — » X~ , a common log resolution, we have 

K Y + -g*(-mK x -) = K Y + - g* {n\-mK x )) = K Y + -f\- m K x ) > -1. 
mm m 

This means that X~ has at most lt + singularities. Since K x - is Q-Cartier, X~ is 
log terminal. 

Choosing a general ample Q-divisor H~ ~q,x —K x -,\et l\\m, and G~ G \mH~\ 
be a general irreducible divisor. Then, setting A~ := — , we have that K x - + 
A~ ~q,x is still log terminal and n*(Kx + ir*A~) =q K x - + A - . Hence 
(X, A = 7T, A~) is log terminal. □ 

Corollary 5.16. Let X be a lt + normal variety. Then X is log terminal if and 
only if &(X, D) is finitely generated for any Weil divisor D. 

Proof. If X is log terminal, then this is }Kol08| Theorem 92]. Conversely, in par- 
ticular M{X, —Kx) is finitely generated, and by the previous theorem, X is log 
terminal. □ 

Remark 5.17. In the spirit of corollary 15. 131 if X has kit singularities, the bira- 
tional map 

Proj x ^(X, -K x ) > Proj x ^(X, K x ) 



is a flip. In particular, if searching for minimal (or canonical) models, the finite 
generation of the algebra M(X, —Kx) is not essential. 
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6. Defect ideals 

In this section we focus on the behavior of the Defect Ideals introduced by Bouck- 
som, de Fernex and Favre in |BdFF12] in the context of log terminal singularities 
according to [dFH09 . 

Definition 6.1. Let X be a normal variety and D any divisor on X and m any 
positive natural number. Let f m : Y rn —¥ X be a log resolution of (X,Ox(mD) <g> 
0x(— mD)). The m-th defect ideal of D C X is given by 

f m (£>) := f m ,*0 Y (lU-fl(-mD) - fi(mD))^j . 

Notice that -f^(-mD) - f^(mD) < 0, so that indeed d m {D) is an ideal. 

It is in general very hard to control the behavior of the defect ideals when m 
changes. We will prove that, when the divisorial ring associated to D is finitely 
generated (with no assumptions on the ring associated to —D), then the sequence 
of ideals stabilizes when m is big enough. 

Theorem 6.2. Let X be a normal variety and D a Weil divisor such that @£{X, D) 
is finitely generated. Then the limit of the defect ideals exists and it is an ideal: 



£>(£>) := limsup/„ 



>Or m (l^(-fU-mD)-fi(mD))^ 



Proof. For every map / : Y — > X, we already know that f^(D) > * ( mr> ) , Even 
more, if £$(X,D) is finitely generated, there exists an mo such that f^{—mkD) = 
kp{—mD) for every k > 0. Hence we have (choosing a resolution f m f. high enough) 

(D)=A„,,,Oy (y±-(-jl t (- m kD)-fl k (mkD))\} = 

\ m mk I 

2 f km ,*Oy {[^(-fL(-mD) - fl k {mD))\} = 
= d m (D). 

By noetherianity these ideals will stabilize for k ^> 0. □ 

Corollary 6.3. If 25(-D) = Ox then D is numerically Cartier in the sense of 
BdFFI2] . and&(—D,X) is finitely generated. 

Proof. Let D(D) = d m (D) = mfe (L>) = O x , for some m and all k > 0. Since 
X) km (D) = Ox, then, for any resolution / high enough 

L — —(-fii-mkD) - f{mkD))\ = 0. 

TTL K 

Since the quantity inside the round down is non-positive, it must be 

f\-mkD) = -j\mkD). 

More precisely, we have the above identity for a given resolution f rn k and for any 
other higher resolution. But since this is an equality of Weil divisors, by pushfor- 
ward we have the same identity on any model. 
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The first consequence of this is that, for any resolution / of X, f*(—D) = 
—f*(D), that is, D is numerically Cartier. 

The second consequence is the finite generation of &(X,—D), and this comes 
from observing the relation between finite generation and numerically Cartier (see, 
for eaxample, [dFH09 , 2.2). In this case, we have that, since D is numerically 
Cartier, O x (mD) ■ Q x (-mD) = X for m sufficiently divisible ( [dFH09| . Defini- 
tions 2.22 and 2.24). But then, for any q > and m sufficiently divisible, 

O x (-mD) q = O x (-mD) q ® O x {mqD) ® O x (-mqD) 

<D x (-mD) Q ® O x (mD) q (g> O x (-mqD) = 

^O x (-mqD). 

The first isomorphism comes from what observed earlier, while the second one from 
the finite generation of M(X,D). Thus M(X,-mD) = M(X,-D)^ is finitely 
generated, which implies that S%(X, —D) is finitely generated. □ 

Remark 6.4. The above proof shows that, if D is such that M{X, D) is finitely 
generated and D is numerically Cartier, then 3£(X, —D) is finitely generated. 

Corollary 6.5. Let X be a normal variety with lt + singularities and such that 
1){K X ) = X (or such that X is numerically Cartier). Then X is kit. 
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